For most of us mathematics, like music, needs to be expressed in physical actions and human interactions before its symbols can evoke the silent patterns of mathematical ideas (like musical notes), simultaneous relationships (like harmonies) and expositions of proofs (like melodies). (p. 288) Between this head and tail of Skemp reprints, the body of the book includes fundamental discussion of issues and concepts that have been powerfully explored by Skemp, written mathematics (1989b mathematics ( ), and SAIL through mathematics (1993 mathematics ( , 1994 . In each chapter, Skemp's ideas are applied to fresh research, such as:
• Fischbein and Muzicant's exploration of instrumental and relational understanding in the topic of open sentences (simple algebraic expressions), some involving fraction notation and the use of common denominators. Importantly, Skemp acknowledges Stieg Mellin-Olsen of Bergen University as the originator of the distinction between 'relational' and 'instrumental' understanding (Skemp, 1976; and in this book, p. 2) , but this has never been attributed to any publication by Mellin-Olsen. Moreover similar distinctions between 'knowing how' and 'knowing that' arise in discussions of British educational philosophers such as R. S. Peters and others (see Peters, 1967) and ultimately derive from Aristotle and common sense; • van Hiele's discussion of similarities and differences between Skemp's theory of learning and van Hiele's own theory of developmental 'levels' of understanding. This includes interesting discussion of why Skemp and van Hiele did not exchange ideas, while sometimes reaching similar theoretical conclusions; • Olive and Steffe's linking of Skemp's 'schemes' and psychological (information processing) 'director systems' (Skemp 1979) with Piagetian theory; • Davis and Tall's analysis of Skemp's theoretical conceptual construct of 'scheme', borrowed from Bartlett (1932) , and used powerfully in Gombrich's discussion of art psychology and visual representation. Interestingly, in The psychology of learning mathematics Skemp cites Bartlett (1958) and also cites Piaget, Bruner, Dienes and W.W. Sawyer; • Tall's investigation of short-term and long-term learning schemas, with his conceptual construct called a 'cognitive root' (a concept already familiar to a student, yet providing seeds for new long-term learning) through 'fruit salad algebra', negative numbers, exponential notation, and algebraic graphing, with gradients (especially in calculus), and exploring continuities and discontinuities in long-term conceptual development; • Dienes' autobiographical reminiscences of Skemp's theory of reflective intelligence, including detailed discussion of some of Skemp's early research and theories from the 1960s, and Dienes' remark that Skemp's book (presumably 1989a ) is the only one that Dienes would recommend for a course on mathematics education;
• Sfard's analysis of metaphors as a basis for thinking, with examples of metaphorical thinking such as (mental) 'maps', participating in a 'game', and 'building a house in an empty field'; • Thomas's development of Skemp's theory into a kind of learning that Thomas calls 'versatile learning' (which takes students through experience of an object-oriented process, to the encapsulation of the new conceptual object, linked with learning a solution-oriented process applied to the object), leading to cognitive integration, with examples from dynamic geometry software, and calculus; • Stacey and MacGregor's tribute to Skemp's research practices that were based on mathematical challenges, games, and activities that led children to reveal how they were thinking and learning -"as though the children's thinking is out there on the table" (p. 219: Stacey and MacGregor quoted Skemp who, in the Horizon TV documentary Twice five plus the wings of a bird, was using a teacher's words) -identifying that Skemp worked from a constructivist point of view years ahead of the widespread use of the term 'constructivism', centring on understanding how new concepts are built from existing concepts and fresh experiences. They also discuss the development of algebraic thinking, with some mention of the 'professors and students' problem (uncited) expressed in terms of the 'letter-as-object' rather than 'as number' error; • White and Mitchelmore's discussion of Skemp's theory of abstraction (Skemp, 1971 (Skemp, , 1986 ) and conceptual connectedness, applied to their own research into the development of 'angle' concepts, and concepts relating to rates of change and the derivative in calculus; • Pimm's exploration of 'symbols', 'objects', 'counterparts', 'significations', 'metaphors', 'metonomy' (a word is used in a transferred sense, so that the word comes to mean what it had previously stood for as a name), and conceptual and performing slippage between intention, understanding and action; and • Gray's elaboration of 'concept' and 'process', which forms a hybrid combination of concept and skill, referred to by the portmanteau neologism 'procept' (as proposed by Gray & Tall, 1994) , a procept being formed by a mental process of 'encapsulation' which can, in reverse, be translated back into separate sub-capsule component parts, a version of Piaget's two processes of assimilation and accommodation, and of Skemp's alternative formulation of 'expansion' and 'reconstruction' (respectively).
A minor weakness in the book is the absence of an index. However careful do-it-yourself reading and index-entry compiling easily fixes this.
In my opinion, a more serious weakness, of a special sort, is that the prominence given to 'psychology' as the theory about how students learn and use mathematics is not more closely related to neurological research, or 'brain studies', as in Butterworth (1999) or Dehaene (1998) . Also neglected is information processing research that measures response-time or elapsed processing time in one-step and multi-step thinking, such as Christensen's (1991) masterly survey of what is known about children learning to add numbers. The neurological evidence of specific brain centres, and linkages between collections of brain centres, that are genetically provided and experientially developed to enable us to think mathematically (not just numerically!) is becoming clearer and clearer. Interestingly, such a focus on brains was anticipated by Noam Chomsky's (1968) early claim that language-acquisition was based on a hard-wired biologically evolved human predisposition to learn and use language -what Chomsky called a Language acquisition device [LAD] , much scorned at the time by antiChomskians. Such a brain-based emphasis also arises in Robert Davis's (1984) rich, jumbled account of a cognitive science view of learning mathematics, based on biologically fundamental mental building-block 'metaphors' that provide a foundation for all higher-level mathematics skills and concepts, and using analysis of teacher/researcher-student protocols or transcriptions of observed mathematics activities. Importantly, Gary Davis and David Tall note Robert Davis's use of Skempian 'schemes' as well as Minskian 'frames' (p. 131), while Schank speaks of 'scripts': which are all, loosely, synonymous with 'concepts'.
It is true that classroom teachers and researchers who do not have access to brain-scanners are unable to USE brain-related research. However, in my view it is imperative that 'psychological' discussion of mathematics learning and mathematical thinking be broadened to include brain-related research. It is likely that future brain research will confirm and clarify the biological basis of what had previously been Skemp's psychological insight. In the meantime, teachers and researchers will continue to work outside students' brains, using words, images and actions to stimulate students' mathematical thinking, while watching and listening to student speech, writing, drawing and other actions. The real learning that happens in the students' brains can at best only be inferred -in common sense ways as well as in Skempian, and other, psychological approaches -from external observations.
It is important to note generational, educational, and academic continuities. Tall (currently at the University of Warwick where Skemp had been professor of Educational Theory) was Skemp's last PhD student (in 1986) , and Thomas (of the University of Auckland) is described as a student of Tall (earning a doctorate in 1988).
As Tall and Thomas conclude in their 'Tribute', "Richard Skemp was a great pioneer theorist in the psychology of learning mathematics. With his passing a chapter closes, but his legacy lives on" (p. iii). Thanks to this book and the vigour of Skemp's thinking, contribution to mathematics education, and psychology of mathematics education, indeed it does! This book is essential reading for anyone who wants to know how people learn mathematics, and to find effective ways of teaching and assessing mathematics.
